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The studies of black hole thermodynamics tell us that the total entropy of matter 
inside a black hole cannot be greater than the Bekenstein-Hawking entropy, which is 
one quarter of the area of the event horizon of the black hole measured in Planck 
unit. Bekenstein proposed a universal entropy bound S < 2-kER for a weakly self- 
gravitating physical system with total energy E and size R in an asymptotically flat 
four dimensional spacetime pQ in 1981. 't Hooft and Susskind later introduced the 
Bekenstein-Hawking entropy as the holographic entropy bound [2] . Based on the earlier 
works, Bousso proposed the covariant entropy bound in [3]. The conjectured Anti- 
de-Sitter/Conformal Field Theory duality provided the evidence of the existence of 
a holographic principle in quantum gravity although we are far from understanding 
quantum gravity [3]. According to the holographic principle, under certain conditions 
all the information about a physical system inside a spatial region is encoded in its 
boundary instead of its volume. Fischler and Susskind (FS) discussed the application 
of the holographic principle to cosmology by considering our universe inside a particle 
horizon pj. They found that the holographic bound was violated for a closed universe. 
To solve this problem, Bak and Rey then replaced the particle horizon by the apparent 
horizon jH] , and Rama found that the holographic bound with the particle horizon could 
be satisfied in a closed universe by adding negative pressure matter [7j. There are other 
modifications to the original FS version of holographic principle jHj- The holographic 
principle was also used to discuss the number of e-foldings of inflation [Hj and constrain 
dark energy models The discussion of holographic principle in the context of 

Brans-Dicke theory was first considered in [TT] . 

The type la supernova observations suggest that the Universe is dominated by 
dark energy with negative pressure which provides the dynamical mechanism of the 
accelerating expansion of the Universe ^21 EI] • The simplest candidate of dark energy 
is the cosmological constant. However, the unusual small value of the cosmo logical 
constant is a big challenge to theoretical physicists. The idea of holography may be 
used to solve the cosmological constant problem EI] . Cohen, Kaplan and Nelson 
proposed that for any state with energy E in the Hilbert space, the corresponding 
Schwarzschild radius R s ~ E is less than the infrared (IR) cutoff L [14] . Under this 
assumption, a relationship between the ultraviolet (UV) cutoff p^ 4 and the IR cutoff is 
derived, i.e., 87iGL 3 pi)/3 ~ L jT4"] . So the holographic dark energy density is 

3c 2 d 2 

PD ~ 8^GL 2 > (1) 
where c is the speed of light and d is a constant of the order of unity. Hsu found that the 
holographic dark energy model based on the Hubble scale as the IR cutoff won't give 
an accelerating universe ^E]- This does not mean that the form p^ ~ H 2 won't never 
work for dark energy model building. The model po = A + 3c 2 d 2 H 2 /(8irG) derived 
from the re-normalization group models of the cosmological constant can explain the 
accelerating expansion of the Universe [Uj. Ito discovered a viable holographic dark 
energy model by using the Hubble scale as the IR cutoff with the use of non-minimal 
coupling to scalar field [18] . More recently, a dark energy model po ~ H 2 with the 
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interaction between dark energy and dark matter was proposed ^H]- I n [20]; Li showed 
that the holographic dark energy model based on the particle horizon as the IR cutoff 
won't give an accelerating universe either. However, Li found that the holographic 
dark energy model based on the event horizon as the IR cutoff works [201 E| The 
model was also found to be consistent with current observations [22]- The holographic 
dark energy model in the framework of Brans-Dicke theory was discussed in j2H|. Some 
speculations about the deep reasons of the holographic dark energy were considered by 
several authors [24J. The holographic dark energy model was also discussed in (23 120] • 

For a fluid with constant equation of state p = wp, the second law of 
thermodynamics tells us that a relationship p ~ a 1+w between the entropy density 
cr and the energy density p. If we apply the Bekenstein-Hawking entropy bound, then 
we will get an upper bound on p. If we apply the energy bound R s < L, then we will 
get an upper bound on entropy. The consistency between the entropy bound derived 
from the energy bound and the holographic bound needs to be checked. Furthermore, 
if we use the Bekenstein entropy bound, a lower bound on p is obtained. Therefore, a 
detailed discussion about the effects of those arguments on the holographic dark energy 
model is needed. In this paper, we first review the holographic dark energy model 
[201 EH 125] . then we apply the second law of thermodynamics and the holographic 
principle to discuss the consistency of those bounds. For a general perfect fluid, there is 
no relationship between a and p, but the comoving entropy density is a constant. This 
fact is used to prove that the Bekenstein-Hawking entropy bound is far from saturation 
for the holographic dark energy model. 

We use the homogeneous and isotropic Friedmann- Robert son- Walker (FRW) metric 

dr 2 



ds< 



-c 2 dt 2 + a 2 (t) 



1 — kr 2 



r 2 dtt 



For a null geodesic, we have 
rt ° cdt 
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With both an ordinary pressureless dust matter and the holographic dark energy as 
sources, the Friedmann equations are 

kc 2 _ 8ttG 

~ ~ 



H 2 



-{Pm + Pr + Pd), 



p' D + 3H(p D +p D ) = 0, 



(4) 
(5) 



where the Hubble parameter H = a/ a, dot means derivative with respect to time, the 
matter density p m = p m o(l/a) 3 , the radiation density p r = p r o(l/a) 4 , a subscript 
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means the value of the variable at present time and we set a Q = 1. Define the proper 
event horizon as 



Reh(t) = a(t) 



cdt 
a(t) 



a(t) 



cda 

a{t) d 2 H 



(6) 



If we choose the event horizon as the IR cutoff, then with the help of Eq. (j3J) , we have 

a(t)smn[J\k\R eh (t)/a(t)} 



a(t)n 



(7) 



where sinn(x) = sin(x){x, sinh(x)} if k = 1{0, —1} respectively. For the flat case k = 0, 
we recover L = R e h. 

Let us rewrite Eq. (jlj) as 



D 



ft* 



(8) 



where ft m = p m /p cr = Vt m0 Hl/(H 2 o?), ft r = p r /p cr = Q r0 H^/(H 2 a 4 ), Q D = p D /p c 
d 2 c 2 /(L 2 H 2 ), tt k = kc 2 /{a 2 H 2 ) = tt k0 H 2 /(a 2 H 2 ) and p cr = 3H 2 /(8irG). Since 



where 7 = f2 fc0 /f2 m0 ; an d 



ft m 

ftm. 



a- — = 07, 

* 'mO 



rf) 



= P 

aft m o a 



where (3 = ft r o/ft m0 = 1/(1 + z eq ) and the matter radiation equality redshift 



'eg 



23, so 



a 



ftmO-^0 



a(l -ft 



# 2 a 3 /3 + a-a 2 7 ' 
From the above equation, we get 

1 a / 1 - ft 



D 



aH H V ft m0 (/5 + a - a 2 ^) 
Combining Eqs. (J7J) and (JTUJ), we get 



3233 



(9) 



(10) 



R 



eh 



sinn 



d"J\l 



a 2 (l-ft 



D 



\ ft D (/3 + a-a 2 7 ) 



= sinn- 1 (rf v /|ft fc |/ft D ). (11) 

If ftfc > 0, then we require d < ^ft/j/ft^. Take derivative with respect to a on both 
sides of the above Eq. (|TT|) and use the redshift z — 1/a — 1 as the variable, we finally 
get the following differential equation by using Eqs. (0) and (fTUjl 



rfft 



1? 



2ft^ /2 (l-ft D ) 
d(l + z) \ 



1 - 



d 2 7(l " Md) 



ft 



;i + ^) 2 + i + z- 7 ] 



n D (i-n D )[i + 2(3(1 + z)} 

(3(1 + z) 2 + 1 + z - 7 



(12) 
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Combining Eqs. JTJ), ©-0 and (fTTj) . we get the dark energy equation of state 



w D 



1 + -y£l D cosn(y\k\ R e h/ a ) 

CI 



i + -\/n D -d 2 n k 



(13) 



where cosn(x) = cos(x){l, cosh(x)} if k = 1{0, —1} respectively. It is obvious that 
wd < so the the Universe is expanding with acceleration when we choose the 

event horizon as the IR cutoff. The acceleration is also encoded in the existence of the 
event horizon. 

From the second law of thermodynamics, we have 

TdS(T, V) = Td[a(T, V)V] = d(p(T)V) + p(T)dV, (14) 

where a(T, V) is the entropy density. The integrability condition d 2 S/dVdT = 
d 2 S/dT8V gives us that 

dp _ p + p 
dT ~ T 

Substitute Eq. (fEJ) into Eq. ((HD, we get 

p + p 



(15) 



a 



T 



Combining Eqs. (JHj), (JT3J) and (fTB|) . we get 

dp 

do = —. 
T 

Combining Eqs. ((EI), {EI) and the energy conservation equation (jSJ), we get 



(16) 



(17) 



era 



constant. 



Therefore, the second law of thermodynamics tells us that the comoving entropy density 
a' = era 3 is a constant. For a fluid with constant equation of state p = wp, Eqs. (|16|) 
and (|T7|) give us the familiar relation a ~ p 1 /( 1+w ). 

Now let us check if the holographic dark energy model satisfies the holographic 
principle. The total of the system is 



A = AtcL 



Ana d 



2 j2 
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So 
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(20) 
(21) 
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For the spatially flat universe, we recover d 2 > fio j2I]. The constraint (J21)) was derived 
in [2UI2ni- Substitute the above inequality (}2"T]) into Eq. (fH?j) . we find that wjj > — 1. 
Therefore there is no phantom behavior for the holographic dark energy model. 
The total comoving volume of the system is 



7T 2-y/l k | Reh/a - sinn (2 x /\ k \ R eh /a) 



7r 2smn- 1 (dJ\n k \/n D ) -2dJ\n k \/n D Ji- d 2 n k /n D 



So 



k sl\k 
—Attc d 2 VLh —4nc 



(22) 



V = -r—^ = —L 2 < 0. (23) 
ka cr 

Therefore, the comoving volume shrinks when time goes by. The total entropy of the 
holographic dark energy decreases with time. However, for a spatially flat universe, the 
physical volume keeps increasing when time goes by since 

V phy = ^-1 = z a ZHV - AncL 2 = AncL 2 ( -£= -l)>0. (24) 
dt V y Si/) J 

With the condition (f2"TJ) . the holographic principle can be easily satisfied in late 
times if it is satisfied during the early times. In other words, the Bekenstein entropy 
Sbh — A/ AG is far from saturation at late times. So any constraint from the holographic 
principle is a weak constraint. Therefore, we consider the argument R s < L. This is 
equivalent to say that the total energy in a region of size L should not exceed the mass 
of a black hole with the same size. This energy argument was used to get the scaling 
law for the upper bound of the entropy of a fluid with equation of state p = wp [28J, 



Since 



S ~ £3-2/(1+11,) _ 



so 





2sinn- 1 d x - 2d, ~ d 2 ^ <^h^ ■ (26) 



For a spatially flat universe k — 0, the above inequality gives d 2 < 1. Therefore, 
the parameter d must satisfy two constraint equations (J2U and Because of 

the constraint equation (|21|1. the holographic dark energy model has no phantom-like 
behavior and the Bekenstein-Hawking entropy bound is far from saturation at late times. 
For a spatially curved universe, the constraint equation ()26|) by using the argument 
R s < L is also derived. In conclusion, the energy bound R s < L gives the constraint Eq. 
(I26|) on the parameters in the holographic dark energy model, the Bekenstein-Hawking 
entropy bound can be easily satisfied for the holographic dark energy model. 



Holography and holographic dark energy model 



7 



Acknowledgments 

Y. Gong's work is supported by NNSFC under grant No. 10447008, SRF for ROCS, 
State Education Ministry and CQUPT under Grant No. A2004-05. Y.Z. Zhang's work 
is in part supported by NNSFC under Grant No. 90403032 and also by National Basic 
Research Program of China under Grant No. 2003CB716300. 

References 

[1] Bekenstcin J D 1981 Phys. Rev. D 23 287 

Bekenstcin J D 2004 Preprmt |quant-p h/0404042" 
[2] 't Hooft G 1993 Salam-festschrifft: a collection of talks ed Aly A et al (World Scientific, Sigapore) 
P 284 

Susskind L 1995 J. Math. Phys. 36 6377 
[3] Bousso R 1999 J. High Energy Phys. JHEP07(1999)004 

Bousso R 2002 Rev. Mod. Phys. 74 825 
[4] Maldacena J M 1998 Adv. Theor. Math. Phys. 2 231 

Wittcn E 1998 Adv. Theor. Math. Phys. 2 253 
[5] Fischler W and Susskind L 1998 Prepr2n<|hep^h/9806039 

Banks T and Fischler W 2005 Phys. Scripta T 117 56 
[6] Bak D and Rey S 2000 Class. Quantum Grav. 17 L83 
[7] Rama S K 1999 Phys. Lett. B 457 268 
[8] Kaloper N and Linder A 1999 Phys. Rev. D 60 103509 

Easther R and Lowe D A 1999 Phys. Rev. Lett. 82 4967 

Brustein R 2000 Phys. Rev. Lett. 84 2072 

Brustcin R and Veneziano G 2000 Phys. Rev. Lett. 84 5695 

Wang B and Abdalla E 1999 Phys. Lett. B 466 122 

Wang B, Abdalla E and SuRK 2001 Phys. Lett. B 503 394 

Veneziano G 1999 Phys. Lett. B 454 22 

Savonijie I and Verlinde E 2001 Phys. Lett. B 507 305 

Nojiri S and Odintsov S D 2001 Lnt. J. Mod. Phys. A 16 5085 

Kutasov D and Larsen F 2001 J. High Energy Phys. JHEP01(2001)001 

Cai R G 2001 Phys. Rev. D 63 124018 

Birmingham D and Mokhtari S 2001 Phys. Lett. B 508 365 
[9] Banks T and Fischler W 2003 Prefflrm< |astro-ph/03074'59| 

Wang B and Abdalla E 2004 Phys. Rev. D 69 104014 

Cai R G 2004 J. Cosmol. Astropart. Phys. JCAP02(2004)007 

Lowe D A and Marolf D 2004 Phys. Rev. D 70 026001 

Kaloper N, Kleban M and Sorbo L 2004 Phys. Lett. B 600 7 
[10] Wang B, Abdalla E and Su R K 2005 Phys. Lett. B 611 21 
[11] Gong Y 2000 Phys. Rev. D 61 043505 
[12] Perlmutter S et al 1999 Astrophy. J. 517 565 
[13] Garnavich P M et al 1998 Astrophys. J. 493 L53 

Riess A G et al 1998 Astron. J. 116 1009 
[14] Cohen A, Kaplan D and Nelson A 1999 Phys. Rev. Lett. 82 4971 
[15] Hofava P and Minic D 2000 Phys. Rev. Lett. 85 1610 

Thomas S 2002 Phys. Rev. Lett. 89 081301 
[16] Hsu SDH 2004 Phys. Lett. B 594 13 

[17] Shapiro I L, Sola J, Espana-Bonet C and Ruiz-Lapuente P 2003 Phys. Lett. B 574 149 



Holography and holographic dark energy model 



8 



Espana-Bonct C, Ruiz-Lapucnte P, Shapiro I L and Sola J 2004 J. Cosmol. Astropart. Phys. 
JCAP02(2004)006 

Shapiro I L, Sola J and Stefancic H 2005 J. Cosmol. Astropart. Phys. JCAP01(2005)012 

Padmanabhan T 2005 Class. Quantum Grav. 22 L107 

Padmanabhan T 2005 Curr. Sci. 88 1057 
[18] Ito M 2005 Europhys. Lett. 71 712 
[19] Pavon D and Zimdahl W 2005 Phys. Lett. B 628 206 

Wang B, Gong Y and Abdalla E 2005 Phys. Lett. B 624 141 
[20] Li M 2004 Phys. Lett. B 603 1 

[21] Huang Q G and Li M 2004 J. Cosmol. Astropart. Phys. JCAP08(2004)013 
[22] Huang Q G and Gong Y 2004 J. Cosmol. Astropart. Phys. JCAP08(2004)006 
[23] Gong Y 2004 Phys. Rev. D 70 064029 
Horvat R 2004 Phys. Rev. D 70 087301 

Kim H, Lee H W and Myung Y S 2005 Preprint hep-th/050lTT8| 

Guberina B, Horvat R and Stefancic H 2005 J. Cosmol. Astropart. Phys. JCAP05(2005)001 
[24] Ke K and Li M 2005 Phys. Lett. B 606 173 

Hsu S and Zee A 2004 Preprmi|hep-th/0406142| 

Segui A 2004 Preprint gr-qc/0406035 
[25] Gong Y, Wang B and Zhang Y Z 2005 Phys. Rev. D 72 043510 
[26] Myung Y S 2005 Phys. Lett. B 610 18 

Myung Y S 2005 Mod. Phys. Lett. A 20 2035 

Myung Y S 2005 Phys. Lett. B 626 1 

Kao H C, Lee W L and Lin F L 2005 Phys. Rev. D 71 123518 

Elizalde E, Nojiri S, Odintsov S D and Wang P 2005 Phys. Rev. D 71 103504 

[27] Bennett C L et al 2003 Astrophys. J. Suppl. 148 1 
Spergel D N et al 2003 Astrophys. J. Suppl. 148 175 

[28] Fischler W, Loewy A and Paban S 2003 J. High Energy Phys. JHEP09 (2003)024 



